The nonlinear process of stimulated Raman scattering is important for silicon photonics as it enables optical amplification and lasing. To understand the dynamics of silicon Raman amplifiers (SRAs), a numerical approach is generally employed, even though it provides little insight into the contribution of different SRA parameters to the signal amplification process. In this paper, we solve the coupled pump-signal equations analytically under realistic conditions, and derive an exact formula for the envelope of a signal pulse when picosecond optical pulses are amplified inside a SRA pumped by a continuous-wave laser beam. Our solution is valid for an arbitrary pulse shape and fully accounts for the Raman gain-dispersion effects, including temporal broadening and group-velocity reduction (a slow-light effect). It can be applied to any pumping scenario and leads to a simple analytic expression for the maximum optical delay produced by the Raman dispersion in a unidirectionally pumped SRA. We employ our analytical formulation to study the evolution of optical pulses with Gaussian, exponential, and Lorentzian shapes. The ability of a Gaussian pulse to maintain its shape through the amplifier makes it possible to realize soliton-like propagation of chirped Gaussian pulses in SRAs. We obtain analytical expressions for the required linear chirp and temporal width of a soliton-like pulse in terms of the net signal gain and the Raman-dispersion parameter. Our results are useful for optimizing the performance of SRAs and for engineering controllable signal delays.
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Introduction
Despite inherent nonlinear losses, which at high optical powers can diminish the advantages offered by silicon-on-insulator (SOI) technology, SOI waveguides hold strong potential for applications in future telecommunication industry [1] [2] [3] . The high refractive index of silicon (3.5 versus 1.5 in fused silica) and its large third-order nonlinearities are the main reasons behind the SOI platform being a promising candidate for on-chip optoelectronic integration [4] [5] [6] . An important point is that the strong localization of the optical field reduces the power required for manifestation of the nonlinear effects inside an SOI waveguide. Indeed, only a few centimeters of propagation through a silicon waveguide are required for two optical beams to change their spectra, energy, phase, and polarization owing to stimulated Raman scattering (SRS), self-phase modulation (SPM), cross-phase modulation (XPM), and free-carrier effects [7] [8] [9] [10] [11] [12] [13] [14] . To better understand the advantages of silicon over fused silica for all-optical signal processing, it is worth comparing the efficiency of the Kerr and Raman effects in these two media.
The relative efficiency of the third-order nonlinear processes in silicon waveguides and optical fibers can be estimated by multiplying the ratio of the corresponding nonlinear coefficients by a nonlinear reduction factor (NRF), which characterizes the attenuation of nonlinear effects in silicon as compared to silica glass. We define the NRF as the ratio of the intensity integrals for two beams of equal powers propagating through a silicon waveguide and an optical fiber [15], i.e., NRF = I Si /I f , where 'f' stands for fiber,
α j is the linear loss coefficient, and L is the propagation distance. Since the optical intensity decays exponentially inside fibers, I f is proportional to the incident intensity, I f = P/(A f α f ), where P is the input power and A f is the mode area [15] .
A more complex picture occurs in silicon waveguides, where the dominant mechanism of optical losses depends on the local field intensity. At high incident powers, free-carrier absorption (FCA) is stronger than two-photon absorption (TPA) and linear losses, near the waveguide input. As the signal intensity decays with propagation, FCA weakens and either TPA or linear loss starts to dominate. Assuming that nonlinear losses are higher than the linear ones, the results of Refs. [16] [17] [18] yield the following functional form for I Si :
A Si in the weak TPA regime,
where A Si is the effective mode area, τ is the effective free-carrier lifetime, β is the TPA coefficient, λ is the wavelength, and σ = 1.45 × 10 −21 m 2 . Figure 1 shows NRF for the typical values α f = 1 dB/km, A f = 100 µm 2 , α Si = 1 dB/cm, A Si = 0.1 µm 2 , and λ = 1.55 µm. One can see that nonlinear effects in an optical fiber would be much more intense compared with a silicon waveguide if their nonlinear coefficients were the same. This is a consequence of the absence of nonlinear absorption in silica fibers. In the case of silicon waveguides, NRF decreases owing to a sharp rise in TPA and FCA as the input power is increased. Fortunately, the Kerr and Raman coefficients in silicon are, respectively, more than 100 and 2000 times larger than those in optical fibers. Therefore, at power levels below 1 W, the Kerr-related phenomena are almost equally pronounced in cm-long SOI waveguides and km-long optical fibers. The situation is even better for SRS in SOI waveguides (see the right scale in Fig. 1 ). SRS in silicon has been studied extensively in recent years [19] [20] [21] [22] [23] [24] [25] , after it was found to be capable of producing a net optical gain [26] [27] [28] [29] [30] . Continuous-wave (CW) Raman amplification and lasing have received considerable theoretical attention [31-37], because of their relatively simpler description compared with nonstationary problems. In the case of pulses, the overwhelming majority of studies rely on numerical methods, which hinder comprehension of the underlying processes and also make it difficult to generalize the results. A remarkable exception to this statement is the work of Roy et al. [38] , who used an elegant semi-analytical method to analyze the amplification of signal pulses by a CW pump, and with this were able to reach a number of valuable general conclusions.
In this paper we derive, for the first time to the best of our knowledge, an analytical solution that describes Raman amplification of an arbitrary optical pulse in silicon waveguides under CW pumping. The solution takes into consideration the finite width of the Raman gain spectrum and accounts for the related slow down of the pulse resulting from the SRS-induced changes in its group velocity. The structure of the solution allows one to easily analyze the amplification process under different pumping geometries, including the situation of bidirectional pumping. For pulses of specific shapes, analytical expressions describing the evolution of their envelopes can be obtained from the general solution. We derive such expressions for optical pulses with Gaussian, exponential, and Lorentzian profiles. It is well known that, due to large optical losses, silicon waveguides do not support temporal solitons in the ordinary sense [39] [40] [41] [42] [43] . We show in this paper how a chirped Gaussian pulse can completely restore its intensity profile after passing through a silicon Raman amplifier.
Exact analytical solution of pulse propagation in silicon Raman amplifiers

Propagation equation for the signal pulse being amplified
Consider amplification of a signal pulse with carrier frequency ω s , passing through a silicon waveguide, pumped by a CW laser beam at frequency ω p . In many practical situations, the pump is not depleted much by the signal pulse, and we can assume its intensity I p to remain time-independent. In this approximation, the equation for the Fourier-transformed signal envelopeÃ s (z, ω − ω s ) has the form [38, 44] 
where β 1s and β 2s are the first-order and second-order dispersion parameters; α s and β s are the linear-loss and TPA coefficients; γ s = (ω s /c) n 2 , n 2 = 6 × 10 −5 cm 2 /GW is the nonlinear Kerr parameter, and c is the speed of light in vacuum. The FCA parameter ξ r and the free-carrier dispersion (FCD) parameter ξ i are related to the effective free-carrier lifetime τ c and the TPA coefficient β p at the pump frequency as
The first three terms on the right side of Eq. (1) represent linear absorption, non-resonant third-order effects of cross-TPA and cross-phase modulation (XPM), and the free-carrier effects. The last term accounts for SRS characterized by the gain spectrum [18]
where g R = 20 cm/GW is the Raman gain coefficient, Ω R = 15.6 THz is the Raman shift,
GHz is the full width at half maximum (FWHM) of the Raman gain spectrum, and Ω ps = ω p − ω s > 0.
In practice, the difference between the pump and signal frequencies is so close to Ω R ≈ Ω 0 that the first term in the square brackets in Eq. (2) dominates, and the second term can be neglected. In this case, propagation of the signal is governed by the effective dispersion parameters
These expressions show that, when |Ω ps − Ω R | γ R , the inclusion of Raman dispersion leads to a reduction in the group velocity of the signal and a decrease in Raman gain. The extent of these changes is proportional to the intensity of the pump and depends on the pump frequency. This feature allows one to tune the frequency of the maximal group delay within the signal bandwidth by changing ω p , and to control the delay time by varying pump intensity [45] . The amplification of sufficiently long optical pulses with maximum efficiency occurring at Ω ps = Ω R deserves further consideration. Assuming that the temporal width of the signal pulse is larger than the gain-dispersion parameter T R = γ −1 R ≈ 3 ps, we can approximate gain profile by the function
Using this result to convert Eq. (1) into the time domain, we arrive at the following equation for signal envelope A s (z,t):
This equation should be solved together with boundary condition A s (0,t) = f (t), where f (t) is the input pulse profile. Once the solution is found, the evolution of signal power inside the silicon Raman amplifier (SRA) of a given effective mode area A eff is given by P s (z,t) = |A s (z,t)| 2 A eff .
Propagation equation for the CW pump and its solution
We start by considering the simplest situation in which a single-pass SRA of length L is pumped using a CW pump of intensity I 0 . In the undepleted-pump approximation, the attenuation of pump can be found from the equation
where α p is the linear-loss coefficient at pump wavelength and ξ p = (ω s /ω p ) 2 ξ r . The plus (minus) sign applies to forward-pumped (backward-pumped) SRA.
Equation (4) has an explicit solution in the regime of weak TPA, applicable when β 2 p ≪ α p ξ p [16, 46] . Assuming this to be the case, we obtain the pump intensity in the form
where δ ± = L(1 ∓ 1)/2 specifies the location of pump launching. Notice that
; that is, the intensity profiles of two pumps propagating in opposite directions are the mirror image of each other around the amplifier's center. For compactness, we omit the superscripts ± in all the functions of propagation distance in the rest of this paper, unless necessary for clarity.
Using Eq. (5), we can introduce an effective propagation length as [32, 44]
Equations (5) and (6) show that the effective propagation length in a forward-pumped SRA exceeds that in a backward-pumped SRA for z < L, all other factors being equal. However, the effective length of SRA, L eff (L), is the same for both pumping configurations.
The situation becomes more complex in the case of bidirectional pumping. This pumping geometry may be preferable to the unidirectional pumping in long SRAs, if it is required to get the maximal gain, and in short SRAs, if the object is to have the longest pulse delay. The intensities of forward-and backward-traveling waves inside the SRA pumped from both ends obey the equations
These equations are readily integrated to obtain [46] I + (z) = a coth(qz
where a = q/(2ξ p ), b = 2C 1 + α p /(2ξ p ), and q = (α p + 2ξ p C 1 )(α p + 6ξ p C 1 ). Ignoring, as before, the reflections of pumps from amplifier facets, we can find the integration constants C 1 and C 2 from the system
where η determines the amount of the total pump intensity launched at z = 0. The effective propagation length in the bidirectionally pumped SRA is defined as
where
It is easy to see that, since the pump is undepleted, the effective length exhibits the property
Thus, values of η's in the range 0.5 ≤ η ≤ 1 provide all possible signal gains. Figure 2 shows the effective length of a typical, 1-cm-long SRA with 100, 85, and 50% of forward pumping (left panel). One can see that bidirectional pumping may increase the effective length of the amplifier by reducing nonlinear losses at high input intensities, but it can also reduce it by introducing cross-TPA when pump intensities are low. The variations in the effective length with I 0 and η result in similar variations of the intensity integral,
shown in both panels of Fig. 2 . As we shall see later, the intensity integral of the pump is crucial for the Raman delay experienced by the signal from Raman-gain dispersion (see right panel in Fig. 2 ).
Analytic solution of the propagation equation for signal pulses
The linear partial differential equation (3) can be solved in quadratures for an arbitrary intensity profile of a CW pump and arbitrary signal envelope f (t). We first consider unidirectional pumping and obtain a general closed-form solution in this case by using Eqs. (5) and (6). Introducing the generalized retarded time,
where τ(z,t) = t − β 1s z, we can rewrite Eq. (3) in the form
where B(z) and G (z) are the functions of z only.
The solution of Eq. (8) can be factorized in the form
Substituting Eq. (9) in Eq. (8), the function a(χ, ζ ) is found to obey the diffusion equation
whose solution with the boundary condition a(0, τ) = f (τ) is given by [47] a(χ, τ)
Since Re χ > 0, this integral converges for all physically admissible pulse profiles f (τ). Equations (7) and (9)-(12) allows one to find the evolution of signal envelope A s (z,t) for an arbitrary input profile f (t); they constitute one of the major results of our paper. The situation of bidirectional pumping can be described in a similar fashion. To apply the above solution in this case, one needs to replace L eff (z) by L eff (η, z) and use
Raman amplification in SRAs based on our analytic solution
General features of Raman amplification for picosecond pulses
Several general conclusions can be drawn by examining the structure of our analytic solution, even without specifying a particular shape of the signal pulse. First, since the values of the functions ζ , χ, and ψ at the amplifier output z = L are the same for forward-traveling and backward-traveling pumps, the gain provided by a unidirectionally pumped SRA does not depend on the pumping direction in the undepleted-pump regime. In other words, even though the dynamics of a signal pulse inside a SRA differ for the forward-and backward-pumping configurations, the output signal pulse profiles do not. The backward-pumping geometry is preferable though, as it enables better noise performance by lowering noise transfer from the pump to the signal [48] . Second, Eq. (12) shows that a signal pulse with initially symmetric envelope [ f (t) = f (−t)] preserves its temporal symmetry as it propagates through the amplifier. The spatial symmetry of the pulse still breaks inside the waveguide, in the sense that the pulse profile is not symmetric around the point of its peak intensity.
Third, the delay of signal pulse-accumulated over amplifier length owing to the effect of Raman dispersion-is proportional to the integral of the pump intensity, L 0 I p (z) dz. In the case of unidirectional pumping, this slow-light contribution is given by the remarkably simple expression
The delays calculated when a 1.434-µm pump is used to amplify a 1.55-µm signal pulse are shown on the right scale in Fig. 2 . Since, according to Eq. (6), the product I 0 L eff (L) saturates with both incident pump intensity and amplifier length, the maximum delay produced by a CW pump of intensity I 0 is given by Since the maximum value of tan −1 x is π/2 in the limit x → ∞, it is evident that FCA imposes a fundamental upper limit on the Raman delay time given by
For example, if α p ξ p = 20 β 2 p = 5 (cm/GW) 2 and g R = 20 cm/GW, then ∆T ≈ 7T R ≈ 21 ps. Hence, a relatively narrow bandwidth of the Raman gain spectrum allows one to create substantial tunable delays, even for 10-ps signal pulses [38, 45] . It is important to note that ∆T increases with decreasing values of the free-carrier lifetime and linear-loss coefficient as (α p τ c ) −1/2 . In the absence of FCA (τ c = 0), the intensity integral does not saturate (see Section 1), and pulse delays can grow unrestrictedly with increasing pump power.
Fourth, the evolution of pulse energy is governed only by the real parts of the functions χ(z) and ψ(z),
In particular, for real-valued envelopes f (τ), the total energy of the pulse is given by (see the Appendix)
This integral allows for a finite Raman response time; if T R formally tends to zero, the integral approaches its maximum value W 0 /A eff , W 0 being the energy of the input pulse. For this reason, the quantity G = exp[ψ ′ (L)] can be identified as the maximum signal gain provided by SRA in the limit of the instantaneous Raman response. The dependance of G on the incident pump intensity and its fraction launched in the forward direction, is shown in Fig. 3 . It can be seen that, at moderate pump powers, the maximum signal gain begins to decrease as the effective length increases (see left panels in Figs. 2 and 3) , thereby restricting the possibility of achieving long delays and strong amplification simultaneously. It is worthwhile to note that, if ∆ζ ≪ L/c and the slow-light effects can be ignored, Eq. (3) reduces to Eq. (1) from Ref. [38] , with |E p | 2 ≫ |E s | 2 . Thus, our solution not only covers and extends the results of Ref. [38] , but it also has the form that is much more favorable for the analysis.
Evolution of pulse energy and envelope for three specific pulse shapes
To illustrate the application of the general solution (9)-(12), we consider three unchirped input pulses with energy W 0 and FWHM τ 0 ,
, and τ 3 = τ 0 / 2 2 1/2 − 1 . For these pulses, the integral in Eq. (12) has the following closed forms:
where erfc x is the complementary error function. Using Eq. (13), it is easy to show that the energies of the three pulses evolve along the SRA length as
We note that the SRS-induced energy enhancement for two of these pulses depends on a single dimensionless parameter χ ′ /(2τ 0 ). Our analytic solution shows that while a Gaussian pulse preserves its temporal profile throughout the amplifier length, the exponential and Lorentzian pulses do not. This is a well known feature of linear systems, which in our case holds owing to the adopted approximation for the Raman gain profile. As a result, the intensity and nonlinear phase shift can be expressed using elementary functions only for a Gaussian pulse and are given by
where χ ′′ = Im χ and ψ ′′ = Im ψ. The operator S(x) = x − 2π x/(2π) , where a denotes the integer closest to a, shifts the phase into the interval −π ≤ φ NL (z, ζ ) ≤ π. Since the propagation of a Gaussian pulse is of practical interest, we consider it in more detail.
Soliton-like propagation of chirped Gaussian pulses in SRAs
Equation (14) shows that an unchirped Gaussian pulse always spreads, due to both groupvelocity dispersion and Raman dispersion. However, if the input pulse has a sufficiently large linear chirp σ , it may undergo a compression stage due to its increased spectral bandwidth [38] .
This interesting phenomena can be used to realize gain-assisted soliton-like propagation, such that both the amplitude and width of the signal pulse are restored to their initial values at the end of the amplifier.
To find the parameters of the soliton-like pulse, we first use our analytic solution to find the temporal width and the peak intensity of a chirped Gaussian pulse at the output end of the SRA:
The first equation shows that it is always possible to find a chirp that results in T σ = τ 1 at the end of the amplifier. The required chirp obeys the equation
At the same time, since equal amplitudes for the input and output pulses are also required, another condition should be satisfied,
As the chirp results in additional losses, the soliton-like propagation is only possible in the presence of a net gain (G > 1). Solving Eqs. (16) and (17), where all the functions are considered at z = L, we obtain
where we took into account that χ ′ ≈ |χ| ≫ χ ′′ for typical operation conditions of SRAs. The values of the chirp enabling soliton-like propagation for 1-and 5-cm-long SRAs can be inferred from Fig. 3 , where G is plotted as a function of pump intensity I 0 . Using σ from Eq. (18) and τ 1 from Eq. (19), the energy of the soliton-like pulse is found to evolve along the SRA length as
Numerical examples and discussion
For a numerical example illustrating the analytic results obtained in the previous section, we consider the pump at 1.434 µm and assume that a signal pulse at 1.55 µm propagates in the form of a TE mode with the effective area A eff = 0.18 µm 2 . Assuming propagation in the regime of normal dispersion characterized by the parameter D = −1 ps/(m × nm), we find β 2s using β 2s = −(2πc/ω 2 s )D. We also use parameter values α s = α p = 1 dB/cm, β p = β s = 0.5 cm/GW, and g R = 20 cm/GW. Figure 4 shows how the intensity profiles of (1) Gaussian, (2) exponential, and (3) Lorentzian pulses change in a forward-pumped SRA. The initial energy (1 pJ) and initial width (τ 0 = 10 ps) are the same for all three pulses. One can see that the pulses exhibit substantial broadening, dominated by the Raman dispersion. Specifically, the FWHM of the Gaussian pulse increases according to the equation the exponential and Lorentzian pulses have wider spectra than that of a Gaussian pulse (τ 1 > τ 2 > τ 3 ), they broaden faster. The other effect of Raman dispersion is the delay of all three pulses by ∆ζ ≈ 6.8 ps (see Fig. 2 ) at the output of SRA. The delay is proportional to the Raman gain coefficient and can be several times higher, if the largest reported value of g R is used for numerical simulations [49] . The right panel in Fig. 4 shows the energy enhancement of exponential and Lorentzian pulses at the end of 1-cm-long amplifier. As seen from this panel, the Lorentzian pulse always gains more energy than a Gaussian pulse of the same width, irrespective of the pump intensity. The energy of exponential pulse is smaller than that of a Gaussian pulse for τ 0 > 10 ps, but may exceed it at high pump powers, when τ 0 5 ps. Recall that the analytical solution becomes less accurate as the width of pulse approaches the gaindispersion parameter T R ≈ 3 ps. The dynamics of a soliton-like, chirped Gaussian pulse is presented in Figs. 5(a) and 5(b) for forward and backward pumping, respectively. When the pulse enters the SRA, it experiences strong absorption [see Fig. 5(d) ] and temporal compression, regardless of the pumping configuration. The difference in profile evolution for the two pumping directions is related to the different rates of FCA. In the case of forward pumping, losses caused by an increased signal bandwidth and a large FCA act together near the front end, leading to a considerable decay in the peak intensity. In a backward-pumped SRA, FCA induces net loss just near the output, and the compression is accompanied with a growth in the peak power. After the absorption stage, signal starts accumulating energy and broadens until it acquires its initial peak intensity and width at the end of the amplifier. The value of chirp in Figs. 5(a) and 5(b) is approximately equal to 7.1 (see Fig. 3 ). The width of the pulse, τ 0 ≈ 10.9 ps, can be found from Fig. 5(c) . As seen from this figure, FWHM of the soliton-like pulse is larger in bidirectionally pumped amplifiers and strongly depends on the pump intensity. 
Conclusions
In this work, we presented-for the first time to the best of our knowledge-an exact analytical solution for the amplification of picosecond pulses (with an arbitrary shape) in a CW-pumped SRA. The solution is applicable in a wide range of practical situations in which the undepletedpump approximation and the parabolic fit for the Raman gain profile remain valid. With the obtained solution, we analyzed the specific features of pulse amplification in unidirectionally and bidirectionally pumped SRAs. In particular, we found an analytic expression for the maximum Raman-dispersion-induced group delay (a slow-light effect) that can be achieved for a given pump intensity. We also analyzed how the envelopes and energies of Gaussian, exponential, and Lorentzian pulses evolve during the amplification process. The analysis reveals that a Gaussian pulse-which preserves its shape during Raman amplification-can demonstrate a soliton-type behavior if it is appropriately chirped at the input end. The linear chirp and temporal width, required to realize such soliton-like propagation, are derived analytically. Our solution provides a clear insight into the Raman amplification process of optical pulses in silicon waveguides, and offers a simple analytical tool that may prove essential for optimization of the amplifier performance.
